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In this paper we obtain the complete classification of the inequivalent classes of M2-brane symplectic torus
bundles with monodromy in SL(2,Z) and their precise U-duality relations among them. There are eight inequiv-
alent classes of bundles whose monodromy groups, at low energies, are in correspondence with the gauging
groups of the eight type II gauged supergravities in nine dimensions. Four of those have been previously found
and they correspond to the ’type IIB side’. In this paper we provide the explicit realization of the remaining
four classes associated to the ’type IIA side’. The precise M2-brane U-duality relations between the eight in-
equivalent classes of bundles have allowed to identified the remaining four ones. We conjecture that the classes
of gaugings -classifying the eight types of II gauged supergravity in nine dimensions- are determined by the
inequivalent coinvariant classes associated to the base and the fiber of the supermembrane bundles and their
duals.
I. INTRODUCTION
M-theory is a theory candidate for unification of all the in-
teractions in Nature that contains Supermembrane theory -
also called M2-brane theory- as one of its building blocks.
Any quantum consistent definition of M-theory will require
of its understanding. Supermembranes are 2+ 1 dimensional
objects embedded in 11D space-time that act as sources for
D= 11 Supergravity and as a consequence of it there is a deep
relation between both theories: on one hand Supermembrane
theory is conjectured to contain a uniquemassless groundstate
associated to the 11D supergravity multiplet. Several works
have been developed in support of this claim, for a recent new
approach see [1] and references therein. On the other, Super-
membrane theories are expected to be described by supergrav-
ities at ’low energies’. In that respect, the M-theory origin of
maximal supergravities in any dimension d ≤ 11 [2, 3], is well
known to correspond to the 11D supermembrane compactified
on a trivial T 11−d torus [4].
There are other type of Supergravity theories like gauged/
massive supergravities. Gauged supergravities can be ob-
tained fromString/Supergravity theories by a number of ways:
by compactifying on manifolds with nontrivial holonomy
[5, 6], flux compactifications [7], gauging procedures like
the Embedding tensor [8, 9], Scherk-Schwarz reductions (SS)
[10] where the reduced fields keep a non-trivial phase depen-
dence on the internal spatial coordinates [11–13], or as effec-
tive descriptions of String/M-theory formulated on nontrivial
torus bundles [14–16]. In the torus bundle formulation the in-
ternal dependence of SS fields becomes associated to a twist
given by a monodromyMsugra of the bundles [17–19].
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In distinction, the determination of the M-theory action ori-
gin of the gauged/massive supergravity deformations has be-
come much more elusive. The M-theory uplift of SS nine
dimensional reduction was conjectured to be related to torus
bundles with monodromy in SL(2,Z) [17]. The action must
be an invariant functional formulated in terms of the local sec-
tions of this bundle. In [20] the authors showed that the super-
membrane formulated on 2-torus bundles with monodromy in
SL(2,Z) is the origin of type II gauged supergravities in nine
dimensions. Type II supergravities in nine dimensions consist
of a unique maximal supergravity and eight gauged deforma-
tions [11–13] four of them coming from the type IIA sector
and the remaining four from the type IIB one. At effective
level, their 10D origin are the type IIB supergravity, the maxi-
mal type IIA and the two type IIA massive deformations: Ro-
mans [21] and Howe-Lambert-West (HLW) [22]. In this pa-
per we extend the analysis of the M2-brane ’T-duality’ trans-
formation done in [20] where the four inequivalent M2-brane
2-torus bundles associated to the ’type IIB’ sector were found
an the other four were inferred from the ’T-duality’ invariance
of the Mass operator. We provide an explicit construction of
the four inequivalent classes of M2-brane bundles associated
to the ’type IIA side’ in nine dimensions.
Another topic that has received a lot of attention from the
community are the T-dual/U-dual invariant theories in String
and M-theory in order to have a better insight of the non per-
turbative structure of these theories. U-duality is a nonper-
turbative transformation defined in 11D that uplifts and uni-
fies the perturbative T -duality and nonperturbative S-duality
present in 10D. For the case of M-theory compactified on a
2-torus U-duality group is conjectured to be SL(2,Z)× Z2.
M-theory as a unification theory should contain them as sym-
metries, and its effective description should be invariant. In
the context of Effective Field Theories, they have been con-
structed in terms of modified supergravity actions enriched
with terms of stringy origin in which T-duality is manifest.
These attempts have focused mainly in two different ap-
2proaches: Double Field Theory [23–28] and Generalized Ge-
ometry [29–31] focusing either on its stringy action [30, 32]
or on the M-theory realization [33–35]. Recently it has been
even possible to incorporate the α
′
corrections into the analy-
sis [36] as well as winding contributions from the very begin-
ning [37]. See [38–41] for a review.
Global aspects of the T-duality are relevant and should
also be considered in order to achieve U-dual invariant ac-
tions at the level of M-theory. Some of them were studied
in [32, 42]. In this paper we want to exhaustively character-
ize the M2-branes on 2-torus bundle (with and without mon-
odromy) which is the simplest nontrivial example of U-dual
invariant theories -at the level of Mass operators- connected
with type II maximal and gauged supergravities. We deep on
the characterization of the M2-brane bundle description, ex-
tending the results found in [20]. The supermembrane bundle
class is specified through the coinvariants of the fiber and the
base. We emphasize the role played by the coinvariant of the
base manifold in the bundle structure when the U-duality ac-
tion is performed. We will denote ’S-duality’ or ’T-duality’
in quotes in the text when we want to stress the particular ac-
tion of 11D U-duality that connects with its counterpart (S,
T-duality) when reduced to 10D. As we will see in section II,
’S-duality’ is a symmetry of the Mass operator of the super-
membrane, hence to verify the U-duality properties we will
focus on the ’T-duality’ action. ’T-duality’ maps M2-brane
torus bundles into M2-brane torus bundles preserving the in-
variance of the Hamiltonian andmass operator but interchang-
ing the cohomological charges of the base manifold with the
homological ones of the fiber at the same time that the mon-
odromy is mapped into a dual monodromy that belongs to the
same conjugation class. We analyze the case where the U-
duality group corresponds to SL(2,Z)×Z2 and the U-dual in-
variant orbit of charges is classified by the coinvariant class
of the M2-brane bundle. This orbit is completely filled with
the charges associated to M2-branes. Consequently under U-
duality the M2-brane 2-torus bundles are mapped into M2-
brane 2-torus bundles and U-duality does not include charges
associated to branes of different dimensionality, in distinction
with the case when more compactified dimensions are consid-
ered [43, 44]. U-duality interchanges those invariants, how-
ever the duality map among the coinvariants does not corre-
spond to an equivalence relation. U-duality does not act on
generic grounds linearly. The U-duality action on the global
structure of the bundle is the relevant one to explain the dif-
ference observed at effective level between the two sectors of
type II gauged supergravity in 9D from an M-theory point of
view. On the supergravity side the gauging groups of the type
IIA and type IIB do not coincide so U-duality do not preserve
them either [11, 12]. This fact is totally natural at the level of
the effective field theory since the global SL(2,R) symmetry is
not realized on the type IIA side at perturbative level. We dis-
cuss their possible relation with the M2-brane torus bundles
in section IV, and in the discussion section.
The paper is structured as follows: In section II, we review
the formulation of the Supermembrane theory on torus bun-
dles with monodromy in SL(2,Z) and we show that the mass
operator is ’S-dual’ invariant. In section II.A, we extend the
analysis previously done for the M2-brane 2-torus bundle by
studying the role played by the coinvariant CB associated to
the base manifold. In section III, we describe in detail the ’T-
duality’ transformation for the supermembrane bundle, under-
standing by it the U-duality part associated to T-duality in 10D
when the M2-brane theory is double dimensionally reduced.
We specify its local and global action on the 2-torus bundles
according to its coinvariant classification. In section IV, we
obtain explicitly, by analyzing the action of ’T-duality’ on the
coinvariant structures, the four inequivalent classes of bundles
of M2-brane bundles. We conjecture that they are associated
at low energies with the gaugings in the type IIA supergravity
sector in nine dimensions. In section V, we present the discus-
sion on the role of the U-duality part associated when double
dimensionally reduced to T-duality to explain the differences
in the bundle structure and in the deformations allowed at su-
pergravity level from the supermembrane point of view, and
finally we present our conclusions. In the Appendix A, we de-
scribe some of the technical properties of the coinvariants of
bundles with monodromy and in the Appendix B, we deduce
the most general supermembrane ’T-duality’ transformation.
II. SUPERMEMBRANE THEORY ON A SYMPLECTIC
TORUS BUNDLE
In this section we will review the supermembrane theory
compactified on anM9×T2 formulated globally on symplec-
tic torus bundles. These bundles are classified according to
two inequivalent topological sectors: they can be principal
(i.e. with trivial monodromy) or non trivial with a monodromy
group contained in SL(2,Z). The supermembrane theory in
the Light Cone Gauge (LCG) has a residual gauge symme-
try, the symplectomorphisms on the base manifold which in
two dimensions are equivalent to the area preserving diffeo-
morphisms (APD). When the theory is formulated globally
the group of symplectomorphisms corresponds to the struc-
ture group of the torus bundle. It is well known that super-
membrane theory on a torus when doubled dimensionally re-
duced corresponds to the type IIB superstring compactified
on a circle [45, 46]. The supermembrane compactified on a
trivial torus is associated at low energies to a type II maximal
supergravity in nine dimensions [45]. When the compactifica-
tion is non trivial, but associated to a central charge condition
the theory is described at low energies by the type IIB gauged
supergravities as shown in [20].
Let us review the construction of the symplectic M2-brane
torus bundle in this first part of the section. The hamiltonian
of a supermembrane theory with central charges formulated in
the Light Cone Gauge (LCG) on a target space M9×T 2, the
supermembrane subject to a central charge condition, is the
following one [47–53]:
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where L is a Lagrange multiplier and TM2 is the 11D tension
of the supermembrane, ρ is the determinant of non-flat two
torus Σ that corresponds to the spatial part of the worldvol-
ume metric. The symplectic bracket is defined as {A,B} =
ωab∂aA∂bB whose symplectic 2-form is ω = ωabdσa⊗ dσb
with ωab = iε
ab
2
√
ρ with a,b = z,z the local complex coordi-
nates and respectively its complex conjugate z, defined on the
base manifold Σ. Xn are the embedding maps Σ →M9 where
n = 3, . . . ,9 and X = X1+ iX2 are the embedding ones from
Σ → T 2. They are scalars parametrizing the transverse co-
ordinates of the supermembrane in the target space. Pn are
densities and they are the canonical momenta associated to
the Xn, and respectively P that of the field X . Ψ are scalars
on the worldvolume but an SO(7) spinor on the target space,
Γn are seven Gamma matrices and Γ = Γ1+ iΓ2, denoting by
Γ its complex conjugate. The 2-torus T 2 of the target space
is characterized by the moduli R the radius, and τ the com-
plex Teichmüller parameter. The winding numbers are ls,ms
with r,s = 1,2 associated to the wrapping of the supermem-
brane on the T 2. They define a matrixW=
(
l1 l2
m1 m2
)
. When
the wrapping is irreducible its determinant n is different from
zero [51] and the theory has discrete spectrum [52] in dis-
tinction with the wrapped supermembrane without this topo-
logical condition. This sector defines a topological condition
associated to the existence of worldvolume monopoles that
algebraically imply the existence of a non-vanishing central
charge in the supersymmetric algebra. For this reason this sec-
tor was called supermembrane with central charges. On this
sector there is a symplectic curvature defined on the base man-
ifold is F =DA−DA+{A,A}, with A a connection under the
infinitesimal symplectomorphism transformation δεA = Dε .
See [47, 54] for a detailed analysis. The symplectic covariant
derivative is defined as D• = D •+{A,•} , with D• = ear∂a•
a rotated covariant derivative [20, 55] defined in terms of a
zwei-bein ear as
ear :=−2piR(lr+mrτ)Θsrωba∂bX̂ s, (2)
with r,s= 1,2. dX̂ are the harmonic one-formbasis defined on
Σ. The Hamiltonian is invariant the residual symmetry under
Area Preserving Diffeomorphisms (APD) connected and not
connected to the identity.
The hamiltonian is subject to the APD group residual con-
straints (connected to the identity φ1, but also to the large APD
φ2)
φ1 : d(
1
2
(PdX+PdX)+PmdX
m−ΨΓ−Ψ) = 0; (3)
φ2 :
∮
Cr
[
1
2
(PdX+PdX)+PmdX
m−ΨΓ−dΨ] = 0 , (4)
where Cs is the canonical 1-homology basis on T 2.
The theory is invariant under two different SL(2,Z) discrete
symmetries: The first one is associated to the invariance under
the change of the basis of the harmonic one forms defined on
the Riemann worldvolume [46] and the windings
dX̂ → SdX̂, W→ S−1W , (5)
with S ∈ SL(2,Z). This dependence is encoded in the matrix
Θ ∈ SL(2,Z) [55] in (2).
The second one is associated to an invariance of the mass
operator involving SL(2,Z) symmetry related to the target 2-
torus T 2, so it is invariant under S-duality transformations,
τ → aτ + b
cτ + d
,
R→ R|cτ + d| ,
A→ Aeiϕτ , (6)
W→
(
a −b
−c d
)
W ,
Q→
(
a b
c d
)
Q ,
where
(
a b
c d
)
∈ SL(2,Z) and cτ + d = |cτ + d|e−iϕτ and
Q=
(
p
q
)
is the KK charge of the supermembrane propagat-
ing on the target 2-torus considered. The homological charges
of the target torus H1(T 2) are interpreted as the quantized KK
charges of the compactified supermembrane [20].
Now we formulate the previous embedding description
in terms of a symplectic torus bundle with monodromy in
SL(2,Z). This global formulation is going to make manifest
some topological invariants that carry physical information.
The total space E is defined in terms of a fiber F =M9×T 2
and Σ as the base manifold. The structure group G is the sym-
plectomorphisms leaving invariant the canonical symplectic
structure in T 2. The action of G on F produces a pi0(G)-action
on the homology and cohomology of F . The monodromyMG
is defined as
MG : pi1(Σ)→ pi0(G) , (7)
with
G= Symp(T2) and pi0(G) = SL(2,Z) . (8)
Consequently MG =
(
a b
c d
)γ
∈ SL(2,Z) and it acts on the
homology basis of the T 2 target torus -where γ = γ1 + γ2
with (γ1,γ2) are the integers characterizing the element of
4the homotopic group pi1(Σ). The symplectic connection de-
fined on the base manifold transforms with the monodromy,
dA → dAeiϕMG where ϕMG is a discrete monodromy phase
given by ϕMG =
cτ+d
|cτ+d| for a given modulus τ . The inequiv-
alent classes of symplectic torus bundles over Σ are classified
by the elements of the second cohomology group, H2(Σ,Z2
MG
)
or equivalently by their coinvariants. See [20, 54, 56] for more
details. The global symmetries of the theory become restricted
by the monodromy.
A. The role of fiberCF and baseCB coinvariants on the bundle
structure
The supermembrane symplectic torus bundles are charac-
terized by two types of coinvariants relevant for the character-
ization of the supermembrane bundle. The class of coinvari-
ants associated to the fiberCF and the coinvariants associated
to the base CB. The torus bundles with a given monodromy
MG are classified according to the elements of the twisted
second cohomology group H2(Σ,Z2
M
) of the base manifold
Σ. Its coefficients are defined on the module generated by the
monodromy representation acting on the homology of the tar-
get torus [56]. There is a bijective relation with the elements
of the coinvariant group CF = {Ca},a = 1, . . . , j associated
with a particular monodromy group MG, see appendix A, for
more properties of the coinvariant classes. A coinvariant class
in the KK sector is given by
CF = {Q+(Mg− I)Q̂} , (9)
for any g ∈ MG, and Q̂ is any arbitrary element of the KK
sector. That is, two elements belong to the same class if they
differ in an element (g− 1)Q̂ for some g ∈MG and Q̂.
Associated to the monodromy subgroupMG there is an in-
duced action on the cohomology of the base manifold [57],
which corresponds to the monodromy group of the winding
sector M ∗G. Since M
∗
G = ΩMGΩ
−1 with Ω =
(−1 0
0 1
)
, it
lies in the same conjugacy class ofMG. M ∗G acts on the fields
which define the Hamiltonian, that is, on sections of the torus
bundle through a matrix Θ = (V−1M ∗GV )
T that appears in
the symplectic covariant derivativesDr of the HamiltonianH.
V is associated to the monodromy subgroup MG ⊂ SL(2,Z),
see [20] for further details. Induced by them there are other
two possible invariants (M ∗G,CB) characterizing the symplec-
tic bundles. The two monodromies lie in the same conjugation
class, however they are not the same and consequently their
respective coinvariants are not equivalent.
A coinvariant class in the winding sector is given by
CB = {W+(M ∗g − I)Ŵ} , (10)
with M ∗g ∈M ∗G, the monodromy group acting in the winding
sector specified byW=
(
l
m
)
∈H1(Σ). Due to the SL(2,Z)
symmetry on the equivalence class of the basis of homology
on the base manifold (a torus), it is possible to reduce the prob-
lem to work indistinctly with the winding matrix W or with
W defined by the first row of the matrix W. See appendix
A. Then for M2-brane or symplectic torus bundles one needs
to specify both types of coinvariants for a given monodromy
MG, those associated to the fiber CF and those associated to
the base manifold CB. Given a symplectic torus bundle the
Hamiltonian of the theory and the mass operator are defined
on the coinvariant classes.
The dependence of the bundle on the winding charges W
and KK chargesQ is defined in terms of the function F:
F :W→ W , Q→ Q , (11)
which depends on the classes CB and CF . Since these are in-
variant under the action of the monodromy, the same occur for
the Hamiltonian or mass operator. We thus have,
F(CB) = F(W), F(CF) = F(Q). (12)
In particular if we consider the action only on the orbits, in-
stead of the coinvariant classes, F may be defined in terms of a
matrix Θ acting on the matrixW : ΘW in a way that under the
monodromyW→M ∗W and Θ→Θ(M ∗)−1 as we have de-
fined the coinvariant derivative. A way to obtain a function F
with such property is to consider a linear function FL defined
on the orbits of the elements of the coinvariant class:
FL(CB) = FL(W+(M
∗− I)Ŵ) = FL(W). (13)
Each coinvariant class is invariant under the action of any g ∈
MG. So the coinvariant class may be considered itself as a
class of orbits under the action of MG. Given a symplectic
torus bundle the Hamiltonian of the theory is defined for any
orbit of the coinvariant class.
III. ’T-DUALITY’ FOR SUPERMEMBRANE THEORY
TORUS BUNDLES
Disclaimer: In this section we analyze the action of U-
duality over the M2-brane torus bundle that in 10D corre-
sponds to T-duality when the M2-brane is doubled dimen-
sionally reduced. In other words we focus on the part of the
U-duality action that exchange winding charges and Kaluza-
Klein charges, acts on the moduli at the same time that trans-
forms the structure of the torus bundle. In order to emphasize
these aspects we also called it under the name of ’T-duality’
even when we are working at the level of 11D.
The ’T-duality’ transformation acts on the Hamiltonian H
and the mass operator M2 and it has also a action on the
topological invariants of the M2-brane torus bundle describ-
ing the theory. In what follows, we are going to describe the
’T-duality’ action at global level, that is, specifying its action
on the supermembrane symplectic torus bundle structure and
secondly we will describe its action on the mass operator of
the supermembranes.
5A. ’T-duality’ action on the coinvariants
The ’T-duality’ transformation globally transforms a bundle
into a dual one, by interchanging the cohomological charges
of the torus base manifold into the homological charges de-
fined on the torus fiber with dual moduli. ’T-duality’ also in-
terchanges the coinvariant class of the base and the fiber in the
dual Torus-bundle:
(CF ,CB) = (C˜B,C˜F ), (14)
where C˜ denotes the dual coinvariant class. It may occur, how-
ever that the transformation becomes non linear. At low en-
ergies this fact will be reflected in the change of the gauging
group associated to the corresponding dual supergravity. In
order to delve in this classification we are going to charac-
terize the action of ’T-duality’ over the different classes of
M2-brane bundles with monodromies trivial and non trivial:
• Trivial monodromy: We first consider the case in which
MG = I, i.e. when the monodromy group is trivial. In
this case the coinvariant classes, which classify the in-
equivalent torus bundles, have only one element Q in
the KK sector and one element W in the winding sec-
tor. The ’T-dual’ transformation is defined in terms of
T ∈ SL(2,Z) with equal diagonal terms, satisfying
Q˜=W= T Q, W˜ =Q = T −1W , (15)
where T =
(
α β
γ α
)
∈ SL(2,Z) is defined as in the
appendix C. Given Q and an associated winding matrix
W, there always exists a winding matrix on the equiva-
lence class ofW defined by the action from the right by
S ∈ SL(2,Z) such that
WS= T Q , (16)
Q is the matrix whose first row is Q and it also has
determinant n. Given Q there always exists Q, though
it is not unique. The most general one is obtained by
multiplying from the right by a parabolic matrix with
integer coefficients and equal diagonal elements:
QK , K=
(
1 k
0 1
)
. (17)
The matrix K can always be absorbed into S. The
symplectic torus bundles are classified in this case, i.e.
MG = I, by two integers, the elements Z⊗Z. The sym-
plectic torus bundles are in one to one correspondence
with the U(1)×U(1) principle bundle over the base
manifold. Since the monodromy is trivial, the structure
group may reduce to the group of symplectomorphism
homotopic to the identity. The dual transformation is
then completed by the transformation of the moduli as
given in (22).
• Non trivial monodromy: We now consider the case
where the monodromy group MG is non trivial. It is
an abelian subgroup of SL(2,Z). The ’T-dual’ transfor-
mation maps as before coinvariant classes on the KK
sector onto coinvariant class in the winding sector. In
order to define the ’T-duality’ map we take any element
Q of CF and any elementW of CB and map them as in
(15). The global ’T-duality’ map is given by the follow-
ing transformation,
Q
T→W ,
MG
Ω→ΩMG Ω−1 ,
Q̂
f→ Ŵ ,
CF
T→CB ,
(18)
where f is a general linear map from the Q̂ sector onto
the Ŵ sector. We denote by T the ’T-duality’ action
on the coinvariants that can act linearly T or not. In
particular the map f can be defined as:
Ŵ= T Q̂. (19)
However, in general it is not necessary to relate f to T .
Suppose now that instead of mapping Q to W we map
it to another member of the coinvariant class to which
W belongs:
Q
T→W+(M ∗G− I)Ŵ1 , (20)
then,
CF = {Q+(MG− I)Q̂} T→ {W+(M ∗G− I)(Ŵ+ Ŵ1)}=CB.
(21)
That is, the new map is only a translation on the Ŵ
sector, the map f includes a translation by Ŵ1. Equa-
tion (21) shows that changing the map for Q→W to
Q→ (W+(M ∗G− I)Ŵ) is equivalent to leave the map
Q→W and change f by a translation. The translation
by Ŵ1 is irrelevant from the point of view of the coin-
variant class since Ŵ+ Ŵ1 is a general element of the
winding sector. Hence the map between the coinvariant
classes is only determined by T which is constructed
from one element of each class Q and W respectively.
The generator MG can be parabolic, elliptic or hyper-
bolic.
B. ’T-duality’ action on the mass operator
The duality transformation on the symplectic torus bun-
dle has an action on the charges but also on the geometri-
cal moduli. We define dimensionless variables Z , where
Z = (TM2AY )
1/3 with A = (2piR)2Imτ , the area of the target
torus and Y = RImτ|qτ−p| a variable proportional to the R radius of
the complex torus. Y is invariant under the monodromy group
if we consider Q the components of F(Q). The ’T-duality’
6transformation is given by:
The moduli : Z Z˜ = 1, τ˜ =
ατ +β
γτ +α
.
The charges : Q˜= T Q, W˜= T −1W ,
(22)
with α,β ,γ , the integer entries of the T matrix in (15). The
chargesQ,W transform depending on the type of bundle con-
sidered, i.e. with trivial or non trivial monodromy. We notice
that Z ,Y and their duals are invariant on an orbit generated
by MG contained in the respective coinvariant class, provided
that τ and Q transform as in (6). Moreover, they are indepen-
dent of the coinvariant class when we define Y in terms of the
components of F(Q) instead of Q and leave τ as a invariant
moduli under monodromy. The symmetry of the Hamiltonian
related to the basis of harmonic one-forms of the Riemann
worldvolume [46] allows to define the class of orbits associ-
ated to the winding matrices [W]. Following (15) there always
exists T such that
T Q= [W], T −1W= [Q] , (23)
such that ’T-duality’ maps classes into classes
[W]→ [Q˜] = [W], [W]→ [W˜] = [Q] . (24)
Let us recall [20, 57], the relation between the radius mod-
ulus and its dual follows from (22), was obtained in:
R˜=
|γτ +α||qτ− p|2/3
T
2/3
M2 (Imτ)
4/3(2pi)4/3R
. (25)
’T-duality’ defines a nonlinear transformation on the charges
of the supermembrane since T is constructed from them, in
distinction with the usual SL(2,Z) action on the moduli which
is a linear one. This property will be very relevant for un-
derstanding the dual multiplet structure. The KK modes are
mapped onto the winding modes and viceversa as expected.
This property together with the condition Z Z˜ = 1 ensure
that (T-duality)2 = I. This transformation becomes a sym-
metry for Z = Z˜ = 1 which imposes a relation between the
tension, the moduli and the KK charges of the wrapped super-
membrane,
T 0M2 =
|qτ− p|
R3(Imτ)2
. (26)
Given the values of the moduli it fixes the allowed tension T 0M2
or on the other way around, for a fixed tension T 0M2, the radius,
the Teichmüller parameter of the 2-torus, and the KK charges
satisfy (26). For Z = 1 the Hamiltonian and the mass oper-
ator of the supermembrane with central charges are invariant
under ’T-duality’:
M2 = (T 0M2)
2n2A2+
k2
Y 2
+(T 0M2)
2/3H =
=
n2
Y˜ 2
+(T 0M2)
2k2A˜2+(T 0M2)
2/3H˜ ,
(27)
with H = H˜. See [20] for further details. In [57] the authors
showed that there always exists a T a parabolic matrix trans-
formation of ’T-duality’ given for any arbitrary value of the
KK and winding charges. This parabolic transformation de-
pends on the winding and KKmomenta of the supermembrane
bundle. In this work we extend this analysis to characterize
in detail the most general ’T-duality’ transformation T , see
the appendix C. In principle the ’T-duality’ transformations
are a subset of the parabolic, elliptic and hyperbolic transfor-
mations with equal diagonal terms. We show there that the
parabolic one plays a distinguished role since it is the only
class able to map any kind of winding and KK charges for a
given supermembrane torus bundle with arbitrarymonodromy
and general central charge into its dual. If we restrict the cen-
tral charge to n = 1, then all the different types of ’T-dual’
transformations T , are allowed, i.e. elliptic Te, parabolic Tp
and hyperbolic ones Th however, since the supermembrane
can wrapped any arbitrary times a 2-torus so there is no justi-
fication to restrict to n= 1. For n 6= 1 the situation is different:
the TZ4 elliptic case of ’T-duality’ transformations fail to map
the torus-bundles except for very specific KK and W charges.
In distinction, the hyperbolic ’T-duality’ matrices Th, always
exist for arbitrary Q, W, and n. The difference with respect
to the parabolic case Tp, relies in the fact that for each set of
charges there is needed a different hyperbolic realization with
different trace. For a general transformation, the parabolic ’T-
duality’ oneTp is going to be the one responsible to character-
ize the different M2-torus bundles dual which at low energies
are associated with the different type II gauged supergravities
in nine dimensions, for that reason we will denote Tp ≡T .
IV. CLASSIFICATION OF U-DUAL SUPERMEMBRANE
BUNDLES
In this section we are going to establish the precise cor-
respondence between the type IIA side of the supermebrane
bundle with parabolic, elliptic, hyperbolic and trombonemon-
odromies. We will focus on the ’T-duality’ action analyzed in
the preceding section. The M2-brane bundle analysis explains
this fact since the ’T-dual’ transformation in general does not
commute with the monodromy group (except for the parabolic
monodromy case) and consequently its associated ’T-dual’
coinvariant class of the bundle does not lie in same equiva-
lence class of the original one. This happens even though the
monodromy and its dual are in the same conjugation class as
originally signalled in [58].
The ’T-dual’ transformation maps a given charge Q in the
KK sector into a windingW = T Q and the coinvariant class
of Q, to the coinvariant class of W. That is, the coinvariant
class
CF ≡ {Q+(MG− I)Q̂} , (28)
is mapped into
C˜F = {W+(M ∗G− I)Ŵ} =CB, (29)
on the winding sector, which may or may not coincide with
T CF = {T Q+T (MG− I)T −1(T Q̂)} , (30)
7FIG. 1. These are the precise relations between the M2-brane bundle with monodromy in SL(2,Z) inequivalent classes when a M2-brane
’T-duality’ is performed.
because generically
M
C
G := T MGT
−1 6= M ∗G = ΩMGΩ−1 . (31)
If both classes define the same coinvariant class, i.e. C˜F =
T CF , then for any element of the matrix group monodromy
M ∗g1 and Ŵ
(MCG − I)T Q̂− (M ∗g1− I)Ŵ = (M ∗g2− I)Ŵ , (32)
for some M ∗g2 , Ŵ denotes an arbitrary element in the wind-
ing sector. M ∗g1 ,M
∗
g2
∈M ∗G. In this case, the ’T-duality’ map
transforms the symplectic torus bundles with a given mon-
odromy group onto themselves. Generically that is not the
case, i.e., C˜F 6= T CF , so we have to study in detail what oc-
curs for each type of bundle of monodromy: parabolic, ellip-
tic, hyperbolic and trombone.
A. U-dual of M2-brane parabolic torus bundles
The M2-brane torus bundles with parabolic monodromies
has two inequivalent nontrivial monodromies classes
Mp =
(
1 p
0 1
)
, MZ2 =
( −1 0
0 −1
)
, (33)
satisfying that |Tr(Mp)| = 2. While associated to the first
type of monodromy the coinvariants are generically torsion-
less (the only exception is the (0,0) class associated to torsion
one), in the second type of parabolic monodromy all coin-
variants have torsion and the KK charges are restricted to
be (0,0),(0,1),(1,0),(1,1). A coinvariant with torsion de-
termines a symplectic torus bundle whose local symplectic
structure on the fibers is the restriction of the global symplec-
tic one. For the parabolic case the dual monodromy group is
given by MCp = T MgT
−1 = Mp since T commute with
Mp. In addition the group M ∗p = ΩMpΩ−1 coincides with
the group Mp since ΩgΩ−1 = g−1 for any g ∈ Mp. The
condition (32) is then satisfied. The ’T-duality’ map acts lin-
early and it transforms the class of the M2-brane symplectic
torus bundles with parabolic monodromy group onto itself.
The same occurs for MZ2 . They are the unique conjugation
class of bundles satisfying this property. At low energies we
conjecture that they correspond to a parabolic gauged super-
gravity on the type IIA side. This 9D gauged supergravity is
associated to the KK reduction of the 10D Romans supergrav-
ity [13].
B. U-duals of M2-brane elliptic and hyperbolic torus bundles
We will analyze the two cases separately and we will see
that under ’T-duality’ they generate a unique class of super-
8membrane dual torus bundles.
The elliptic monodromygroupMe [59] is finitely generated
by the following matrices
MZ3 =
(
0 1
−1 −1
)γ
, MZ4 =
(
0 1
−1 0
)γ
,
MZ6 =
(
1 1
−1 0
)γ
,
(34)
satisfying that |Tr(Me)| < 2 with γ ∈ Z. Their associated
coinvariant of the fiber equivalence classes can be computed
explicitly using (9). For the Z3 case there are three classes
CFZ3 = {Qi+(MZ3− I)Q̂}, i= 1,2,3 , (35)
with
Q1 =
(
0
0
)
, Q2 =
(
0
1
)
, Q3 =
(
0
2
)
. (36)
It can be shown that (32) cannot be satisfied. In fact (32)
means that for any ĝ ∈MCZ3 and Q̂, there exists g ∈M ∗Z3 and
Ŵ such that
(M̂g− I)T Q̂= (g− I)Ŵ . (37)
One can show that there does not exist Ŵ satisfying the equal-
ity (37) for suitable ĝ ∈ MCZ3 and Q̂. In the same way it can
be shown that (32) is not satisfied for the monodromy groups
MZ4 ,M
∗
Z4
.
In distinction (32) is satisfied for MZ6 and M
∗
Z6
. This
means that given any element ĝ ∈MCZ6 and any Q̂ there exists
g ∈ M ∗Z6 and W˜ satisfying (32) and viceversa. This follows
because one element of the group is gZ6 =
(
1 1
−1 0
)
, hence
(g∗Z6 − I) has determinant equal to 1, then there always exists
W˜ satisfying (32):
(g∗Z6 − I)−1(g˜∗Z6 − I)T Q̂= W˜. (38)
The other way round follows in the same way, given any g ∈
M ∗Z6 and W˜ there always exists Q̂ satisfying (37). In fact
det(T gZ6T
−1− I) = 1 , (39)
and we proceed as before. The coinvariant abelian group as-
sociated to the monodromy MZ6 has only one element in the
KK sector given by the class
CFZ6 = {Q0+(MZ6− I)Q̂} , (40)
where Q0 is any particular charge and respectively the only
one element in the winding sector.
Let us now analyze the case of hyperbolic monodromy.
There are infinite abelian monodromy groups of hyperbolic
matrices constructed in terms of
Mh =
(
a b
c d
)γ
, (41)
such that |Tr(Mh)| > 2 with Mh ∈ SL(2,Z) [59]. It can also
be explicitly shown that generically the coinvariant structure
of the dual bundle is not equivalent to the original one.
Let us now compare the dual monodromies of elliptic and
hyperbolic 2-torus bundles with respect to their conjugate
classes. We consider the generic monodromy case g ∈ MG
with g=
(
a b
c d
)
∈ SL(2,Z) , then
T gT −1 =
(
a+ tc −t(a+ tc)+ b+ td
c −ct+ d
)
. (42)
By defining with u= a− d, we can always express
(T gT −1− I)− ((g∗)−1− I) = (u+ tc)[B− tA] , (43)
with A=
(
0 1
0 0
)
and B=
(−1 0
0 1
)
. Notice that A,B, satisfy
the algebra:
[A,B] = 2A , (44)
which corresponds to a non abelian group A(1) associated
to the collinear transformations in one dimension (translation
and scaling). The same algebra was already identified at the
level of nine dimensional type II gauged supergravity in the
’type IIA sector’[13].
Notice that for the parabolic case (a= 1,b= p,c= 0,d= 1)
both coefficients in (43) vanish, and the coinvariants and their
duals lie in the same equivalence class.
Clearly the elliptic and hyperbolic coinvariant classes are
mapped under ’T-duality’ into an inequivalent coinvariant
equivalence class. ’T-duality’ acts nonlinearly on the super-
membrane dual bundle and this dual realization is associated
to a nonabelian algebra of the A(1) group. We conjecture that
the A(1) M2-brane 2-torus bundle at low energies is described
by the type IIA gauged supergravities corresponding to a non-
abelian A(1).
C. U-dual of M2-brane trombone torus bundles
Trombone symmetry produces supergravities that do not
have Lagrangian but are uniquely defined through the equa-
tions of motion. The reason is that the trombone symmetry is
not a symmetry of the action since it scales the Langrangian
but it is a symmetry of the equations of motion. At quantum
level however there exists a well defined action since it is pos-
sible to define an invariant hamiltonian. In type II supergravity
in 9D the global symmetries are GL(2,R) = SL(2,R)×R, the
breaking of the group into its arithmetic subgroup GL(2,Z)
with determinant ±1 is not able to capture the effect of the
scaling. Hence in order to obtain the scaling symmetries an
alternative procedure is needed. This question was in fact
solved many years ago by the authors [60], by means of a
nonlinear realization of the group SL(2,Z) that they called ac-
tive SL(2,Z). In [20] the authors used this realization to obtain
a bundle description of the supermembrane with gauged trom-
bone symmetry. In the following, in order to be self-contained
9we first summarize those results i.e. the realization of the
trombone symmetry and their associated torus bundles, pre-
vious to perform the characterization of their duals.
Let us consider a nonlinear representation of the group
SL(2,Z) in terms of the 2× 2 matrices Hi j as in [20]. Given
two different charges Qi, Q j labelled with two different in-
dices i, j and given Hi j the SL(2,Z) active transformation, it
acts on the charges as follows:
Hi jQi =Q j, and
Hi j
hi j
(
τ
1
)
=
(
τ
1
)
, (45)
the solution for (45) is given by
H ji =
(
− p j
q j
U+ qi
q j
C
pi
qi
+
pip j
qiq j
U− pi
q j
C
−U q j
qi
+ pi
qi
U
)
(46)
where
h ji =
p j−q jτ
pi−qiτ
; U =
p jqi− piq j
|pi−qiτ|2
; C =
|p j−q jτ|2
|pi−qiτ|2
. (47)
For each monodromy group there exists a unique non linear
realization of it HG. There are three nonlinear realizations as-
sociated to the elliptic, parabolic and hyperbolic monodromy
classes, however they cannot be distinguish among them, so
on the type IIB side we only obtain a single M2-brane trom-
bone torus bundle class. This is in agreement with the fact
that at low energies on the type IIB side there is a unique 9D
trombone supergravity.
This transformation generates the complete lattice of
charges for a given vacuum, (that is the asymptotic value of
the scalar moduli). H ji ∈ GL(2,R) is the nonlinear represen-
tation ofM jiQi =Q j with M ji ∈ SL(2,Z) which acts linearly
on the charges but non-linearly on the moduli. The Hamilto-
nian H is invariant, since
τ → τ, W→W, R→ R . (48)
While the mass operator changes since the KK contribution
changes, KK→ KK′ according to (45). See [20] for details.
The structure of the supermembrane trombone bundle differs
from those in which the monodromy is linearly realized since
in the former the moduli is unaltered by the trombone mon-
odromy. Consequently on the ’type IIB side’ each bundle only
contains a single pair of winding chargesW=
(
l
m
)
instead
of an orbit, and therefore there is no monodromy associated
to the base manifold. The only monodromy of the bundle is
associated to the fiber MG, it is non linearly realized in terms
of HG. The coinvariant class of charges of the fiber is defined
as
CtrombF = {Q+(HG− I)Q̂} , (49)
and the structure of the bundle in terms of the coinvariant
classes is (CtrombF ,W).
The ’T-duality’ transformation for the trombone torus bun-
dle maps the coinvariant class of the fiber of the original
bundle into the coinvariant class of the base, and the origi-
nal winding single charge of the base into a single dual KK
charge of the dual fiber. As a result, the dual trombone bundle
(C˜trombB ,Q), corresponds to a bundle that has a trivial mon-
odromy on the fiber but a nontrivial monodromy in the base
manifold with coinvariant classes given by
C˜trombB =C
tromb
F , (50)
τ˜ y R˜ the ’T-dual’ moduli parameters transform as in (22) and
(25), they are defined by the covariant class. They do not de-
pend on any particular element of the orbit. The geometric
structure can be interpreted as a compatible set of fiber bun-
dles with characteristic classes defined by the coinvariant class
of winding matrices. Under the ’T-duality’ transformation the
hamiltonian which is invariant on the orbits of HG is trans-
formed to a hamiltonian invariant under the orbits of H∗G and
the bundle change as (CtrombF ,W)
T→ (C˜trombB ,Q˜).
We notice that in the expression of the hamiltonian of the
trombone torus bundle with coinvariant CtromboneF there is not
a Θ matrix on the expression of the covariant derivative, since
W,τ,R remain fixed under the action of the nonlinear trans-
formation HG. At low energies they correspond to gauged
theories in nine dimensions obtain of the massive deforma-
tion of type IIA supergravity in 10D. However there exists a
Θ matrix in the covariant derivatives which compensates the
transformation of the winding matrix on the dual torus bundle
(’type IIB’ side).
1. Two inequivalent duals of the M2-brane trombone torus bundle
The gauging is obtained by means of the nonlinear repre-
sentation HG with MG ⊂M ji associated to a particular mon-
odromy equivalence class. To compute it we particularize the
monodromymatrix MGQi =Q j and we substitute
H ji(τ,qi, pi,q j, p j) and Qi =
(
pi
qi
)
and respectively Q j.
The linear representation M ji contains the three inequivalent
conjugation classes (elliptic, parabolic and hyperbolic) how-
ever the nonlinear representation H ji, does not have any par-
ticular property which may distinguish the elliptic to the hy-
perbolic cases. Under ’T-duality’ in distinction with the pre-
vious case, there are two inequivalent types of dual princi-
pal bundles, one with the parabolic monodromy non linearly
realized in the base and a second one associated to the non-
linear realization elliptic and hyperbolic monodromy dual in
the base manifold. In the case of parabolic monodromy the
duality matrix T commute with Hi j. In the other two cases
the ’T-duality’ does not commute with Hi j but since they can-
not be distinguish they form a second inequivalent class of
trombone torus bundles on the ’type IIA side’. Nicely at low
energies they are in correspondence with the two trombone
gauged supergravities of the type IIA sector.
V. DISCUSSION AND CONCLUSIONS
We find eight independent inequivalent classes of superme-
mbrane torus bundles with monodromy linearly and non lin-
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early realized in SL(2,Z). Four of them had been previously
found, but those associated to the type IIA side are new. The
M2-brane torus bundle is characterized by the monodromy,
the coinvariants of the base manifold CB and that of the fiber
CF . Their Hamiltonians and mass operators for the nine dif-
ferent cases (eight inequivalent class of bundles with mon-
odromy and one principal) are all invariant under the duality
action that we have defined in this work irrespective on the
monodromy group. However the structure of the bundle, for
arbitraryM2-brane torus bundles with monodromy, is not nec-
essarily preserved. Only for the cases in which U-duality acts
linearly (for example for the monodromy is parabolic or trivial
) the bundle structure is preserved. We observe that the mon-
odromy group of the M2-brane torus bundle coincides with
the gauging groups of type II supergravity. Hence we relate
each of these inequivalent classes of M2-brane 2-torus bun-
dles -with and without monodromy- with each of the eight
type II gauged supergravities in 9D and the maximal one re-
spectively. Recently it has been shown that the supermem-
brane theory with central charge condition (described by 2-
torus bundles with monodromy) is equivalent to a superme-
mbrane on a constant three-form background toroidally com-
pactified in the presence of fluxes [62]. Since flux compactifi-
cations are related to gauged supergravities this is another way
to evidence the relation between the M2-brane torus bundle
with monodromy and its description at low energies in terms
of gauged supergravities. The non-preservation of the coin-
variant equivalence classes under U-duality we believe that
is the underlying reason for the different structure between
the type IIB and type IIA gauged supergravities in nine di-
mensions from the M-theory viewpoint. We have proved that
the U-dual of the parabolic coinvariants remains in the same
class of coinvariants, moreover, they seem to be the only ones
that preserve the coinvariant class. Consequently the type IIB
parabolic M2-brane bundle is mapped through duality into the
parabolic type IIA M2-brane bundle. At low energies it be-
comes natural to relate it to the type IIA parabolic supergrav-
ity, which corresponds to the KK reduction of Romans super-
gravity in 10D to 9D.
The U-duals of the supermembrane with monodromies el-
liptic and hyperbolic do not preserve the coinvariant class,
even though the dual monodromy is conjugated to the original
one. U-duality acts non linearly on these M2-brane bundles
and it is responsible for changing the bundle class. The al-
gebra of the monodromy groups elliptic and hyperbolic with
the U-duality transformation form a non-abelian algebra A(1)
that acts like an scaling and a translation. The dual M2-brane
bundle with these two inequivalent classes of monodromies
corresponds to a single class of dual M2-brane bundles that
we call A(1). At low energies we consider that it could be
related it to the type IIA A(1) gauged supergravity in 9D.
Trombone symmetry of the supermembrane torus bundle is
a non linear realization of the SL(2,Z) group. It acts linearly
on the charges but non-linearly on the moduli and the bun-
dle description once it is gauged is completely different to the
previous cases considered. The M2-brane bundle with gauged
trombone monodromy are classified according to the mon-
odromy, but they contain only one class of coinvariants either
of the fiber (’type IIB side’) or of the base (’type IIA side’).
Under U-duality the nonlinear realization of the three inequiv-
alent classes ofM2-brane torus bundles (elliptic, hyperbolic or
parabolic subgroups) they form a unique M2-brane trombone
bundle on the ’type IIB’ side. Under U-duality it maps into
two inequivalent classes of dual M2-brane trombone bundles
on the ’type IIA’ side: one associated to the gauging of the non
linear realization of the parabolic monodromy and a second
one associated to the gauging of the non linear realization of
the bundles with elliptic and hyperbolic monodromy. Nicely
these two inequivalent classes of T-bundles can naturally be
associated on the 10D ’type IIA side’ to the KK reduction of
the massive Howe, Lambert and West supergravity and to the
SS reduction of type IIA maximal supergravity.
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Appendix A: Coinvariants
Let us define the map associated to the coinvariant classes
on the KK sector to the coinvariant classes on the winding
sector. We take one element Q in a coinvariant class of the
KK sector and map it to an element W of a coinvariant class
of the winding sector. There exists an element of SL(2,Z)
with equal diagonal terms T which maps Q toW :
W= T Q. (A1)
In the case, as we are considering here, where the abelian
group G has only one generator J:
g ∈MG, g= Ja , (A2)
where a is an integer, then, g− I= Ja− I. We can distinguish
three different cases:
if a= 0 , g− I= 0 ,
if a> 0 , Ja− I= (J− I)(Ja−1+ Ja−2+ · · ·+ I) ,
if a< 0 , Ja− I= (I− J−a)Ja .
(A3)
Hence if a= 0 we have one element Q. If a> 0 we have
CF = {Q+(J− 1) ˆˆQ}, (A4)
where ˆˆQ= [Ja−1+ Ja−2+ · · ·+ I]Qˆ.
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If a = 1 we get ˆˆQ = Qˆ and if a ≥ 2, ˆˆQ belongs to a subset
of the whole Qˆ sector. We then conclude that the coinvariant
class can be expressed as
CF = {Q+(J− 1)Qˆ}. (A5)
The same result holds for a< 0. Consequently without loose
of generality we can take the elements of the coinvariant class
as (A5). Notice that the case a = 0 is also contained in the
class since it corresponds to consider Qˆ=
(
0
0
)
.
Appendix B: General ’T-duality’ transformation
In this appendix we obtain the most general transforma-
tion of ’T-duality’ for the supermembrane T-bundles. Given
a particular supermembrane wrapping the 2-torus target space
it has associated a matrix of windings W with determinant
det(W) = n 6= 0, such that applying an S ∈ SL(2,Z) it admits
a triangular description,
WS=
(
n e
0 1
)
. (B1)
Multiplying on the left hand side by a parabolic matrix R
the winding can be expressed in terms of its canonical form
RWS =
(
n 0
0 1
)
. On the other hand, in [61] the authors
showed that always exists a map ’T-duality’ maps
WS= T Q , (B2)
where Q is the matrix of charge of determinant n whose first
row is Q. T for sake of brevity denotes the parabolic ’T-
duality’ transformation Tp. Then, for arbitrary W,Q charges
we want to obtain the more general Sˆ,T such that they satisfy
WSˆ= T Q. Consequently,
W= T T −1WSSˆ−1. (B3)
We want to find the more general u = T T −1 and v = SSˆ−1
such that the above relation is satisfied. This condition is ver-
ified for
T =ABA−1(T )=
(
d− ec dt− bn+ e(a− d− ct− ce)
−c −c(t− e)+ a
)
,
(B4)
with A=
(
1 e
0 1
)
and B=
(
d −bn
−c a
)
with A,B ∈ SL(2,Z).
One can distinguish three different cases according to the
value of the trace
Trace(T ) = d− ct+ a , (B5)
as elliptic, parabolic and hyperbolic. For the case when the
central charge is restricted to be n = 1 all of the three sub-
classes of ’T-duality’ matrices are allowed, however this is not
the more general case since for the wrapped supermembrane
on a torus arbitrary n is allowed.
• The parabolic case Tp =
(
1 t
0 1
)
has already being
discussed [57], it corresponds to have a= 1,d = 1 with
c= 0 and it is satisfied for any configuration of charges,
windings and central charge, so in the following we will
analyze the two other possibilities.
• The elliptic case corresponds to have c= ±1 and bn =
±1− e(e− t) since it must verify that the two trace en-
tries are equal. For arbitrary central charge n 6= 1 the
above equation is not satisfied apart for solutions asso-
ciated to particular values of charges and windings.
• For the hyperbolic case we will analyze separately three
different cases restricted to assume that n is prime:
– In first place let consider (2e− t) and n relatively
prime integers different from zero, then choose
a,b such that the following relation is satisfied
(2e− t)− b then n= 1, c= 1− a2 . (B6)
In this case the trace is equal to 2(1−a2)(e− t)+
a, then if a,b are solution then a+λn,b+λ (2e−
t) is also a solution. We always can find a solution
of reversed sign to (e− t) then (1−a2)(e− t) and
a have the same sign and consequently we only
need to choose a λ large enough to guarantee that
|a+λn|> 1 , (B7)
and it corresponds to an hyperbolic solution. It
always exists a hyperbolic solution for this first
case.
– If (2e− t) and n different from zero are NOT rel-
atively prime. Then, (2e− t) = mn with m 6= 0.
Substituting in the relation ad− bcn = 1 one ob-
tains a2 + c(am− b)n = 1. There is a solution
b= am with a= 1 and arbitrary c. The trace is
Tr(T ) = 2(e− t)c+ a≥ 2. (B8)
One can choose c = e− t and then the trace cor-
responds to a hyperbolic matrix. The case e = t
(which it would not corresponds to an hyperbolic
case) cannot happen since in the case we consider
2e− t = mn then e = mn but e < n always, as
shown in [46]. Consequently it always exists a
hyperbolic matrix for this case.
– The last case to consider occurs when 2e− k = 0
then a = n+ 1,b = ε = sign(e− k),c = ε(n+ 2)
with trace
Tr(T ) = 2[ε(n+29(e−k))+a] > 2(n+1) > 2 . (B9)
Consequently it always exists a hyperbolicmatrix
for this case.
In conclusion there always exists a parabolic transformation
T , and an hyperbolic transformation Th inside the set of ’T-
dualities’ transformations allowed for any value of the central
charge n. Each hyperbolic transformation has a different trace
for any different set of charges.
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